Abstract. In this paper, we study the pricing of contingent claims under G-expectation. In order to accomodate volatility uncertainty, the price of the risky security is supposed to governed by a general linear stochastic differential equation (SDE) driven by G-Brownian motion. Utilizing the recently developed results of Backward SDE driven by G-Brownian motion, we obtain the superhedging and suberhedging prices of a given contingent claim. Explicit results in the Markovian case are also derived.
Introduction
It is well known that the Black-Scholes formula depends on the underlying volatility. Since it is difficult to forecast the prospective volatility process in practice, it is natural to permit volatility uncertainty in contingent claim pricing models (see [1] ).
Motivated by measuring risk and other financial problems of volatility uncertainty, Peng [19] introduced the notion of sublinear expectation space, which is a generalization of probability space. As a typical case, Peng studied a fully nonlinear expectation, called G-expectationÊ [·] (see [23] and the references therein), and the corresponding time-conditional expectationÊ t [·] on a space of random variables completed under the normÊ[| · | p ] 1/p . Under this G-expectation framework (G-framework for short) a new type of Brownian motion called G-Brownian motion was constructed. The stochastic calculus with respect to the G-Brownian motion has been established. For a recent account and development of G-expectation theory and its applications we refer the reader to [5, 6, 13, 17, 18, 24, 25, 26, 28, 29] .
There are other recent advances and their applications in stochastic calculus which consists of mutually singular probability measures. For instance, Denis and Martini [3] developed quasi-sure stochastic analysis and Soner et al. [27] have obtained a deep result of existence and uniqueness theorem of 2BSDE. Various stochastic control (game) problems and the applications in finance are studied in [10, 11, 12, 14, 15] .
In this paper, we suppose that there are a riskless asset a risky security in a financial market. Different from the existing literatures (see [2, 6, 30, 31] ), the price S t to the risky security is governed by
where B is a G-Brownian motion. For a given contingent claim ξ ∈ L 2 G (Ω) with maturity time T , we obtain its superhedging and suberhedging prices. Explicit results in the Markovian case are also derived. Our study bases on the recently developed BSDE driven by G-Brownian motion in [7] and [8] :
We mainly utilize the existence and uniqueness theorem in [7] and some important properties such as comparison theorem, Feynman-Kac formula and Girsanov transformation in [8] .
The paper is organized as follows. In section 2, we formulate our contingent claim pricing problem. The main results are given in section 3. In the Appendix, we present some fundamental results on G-expectation theory and give proofs of the comparison theorem of SDE driven by G-Brownian motion and the Girsanov transformation in our context.
Statement of the problem
There are a riskless asset with return r t and a risky security in a financial market. The price S t to the risky securities is given by
where (η t ), (µ t ), (σ t ) and σ
The readers may refer to the Appendix to find the basic definitions and fundamental results in the G-framework.
We denote the wealth process by (Y t ) and the amount of money invested in the security by (ψ t ) at time t. Then the wealth process follows
here Z is called the portfolio. In this note, we suppose that every Z ∈ M 
and the superhedging price S τ = ess inf{η : η ∈ U τ }. Similarly define the subhedging set
and the subhedging price S τ = ess sup{η : η ∈ L τ }.
Remark 2.1 For τ = 0, U 0 ⊂ R, thus S 0 = inf{y ∈ R : y ∈ U 0 } is well defined. For τ > 0, S τ = ess inf{η : η ∈ U τ } is defined in the following sense:
In this note, we will show that S τ is well-posed which is non-trivial due to the non-dominated probability measures in P. Similarly, S τ is well defined.
Main results

State price process
We consider the following G-BSDE:
In order to introduce the state price process which can be used to solve the G-BSDE (3.1), we construct an auxiliary extendedG-expectation space (
2 ) and
Let {(B t ,B t )} be the canonical process in the extended space (see [8] ). Note that B,B t = t.
By the state price process we mean the unique solution π = (π t ) to
which admits a closed form (see [8] ): for 0 ≤ t ≤ T,
By applying Itô's formula to π t Y t , we obtain
Hedging prices
Then the superhedging and subhedging prices at any time τ are given by
and
Proof. By the definition of subhedging price, it is easy to get S τ from the superhedging price S τ . Thus we only need to prove the superhedging price.
Step 1: We first show that for any η ∈ U τ ,
Step 2: We now prove thatÊG τ [ πT πτ ξ] =Ỹ τ ∈ U τ . For this purpose, we consider the following wealth process (Ŷ t ) t∈[τ,T ] with the initial wealthỸ τ and portfolioZ:
On the other hand, (Ỹ t ,Z t ,K t ) t≤T is the solution of the G-BSDE (3.1) corresponding to the terminal value ξ. Thus we get
Note thatK is a decreasing process, then by the comparison theorem of SDE (see Appendix) we obtainŶ T ≥Ỹ T = ξ q.s., which implies thatỸ τ ∈ U τ . This completes the proof. 
Remark 3.3 Vorbrink (2010) obtains a characterization of hedging prices under G-expectation. However, in place of our assumption, he adopts the strong assumption that η t = r t and µ t = 0, so π t = exp{− t 0 r s ds}.
Some special cases
Suppose that (r t ), (σ t ) and σ 
We consider the following G-BSDEs:
5) 
(3.7) By the Girsanov transformation (see Appendix), we can define a consistent sublinear expectation (
(3.8)
TakingẼ t on both sides of equation (3.8), we obtaiñ
Thus we can get the following theorem. Then S τ = u(τ, S t ) and u is the unique viscosity solution of the following PDE (see Theorem 4.5 in [8] ):
Example 3.5 We study the super and subhedging prices of a European call option. Let the parameters in equation (2.1) be constants, i.e. η t := η, µ t := µ and σ t := 1.
Then the price process (S t ) becomes
Suppose further that r t ≡ r and r is a constant. Thus b t = η − r, d t = µ and the state price is
Consider a European call option on the risky security that matures at date T and has exercise price K. The super and subhedging prices at t can be written in the form c(S t , t) and c(S t , t) respectively. At the maturity date,
By the PDE approach, we obtain the following equations:
(S, T ) = Φ(S)
(S, T ) = Φ(S).
Because Φ(·) is convex, so is c(·, t). It follows that the respective suprema in the above equations are achieved at σ 2 and σ 2 , and we obtain
In other words, the super and subhedging prices are the Black-Scholes prices with volatilities σ and σ respectively.
Remark 3.6
In the above example, we find that the super and subhedging prices are independent of η and µ.
Appendix
We review some basic notions and results of G-expectation, the related spaces of random variables and the backward stochastic differential equations driven by a G-Browninan motion. The readers may refer to [7] , [19] , [20] , [21] , [22] , [23] for more details.
Definition 4.1 Let Ω be a given set and let H be a vector lattice of real valued functions defined on Ω, namely c ∈ H for each constant c and |X| ∈ H if X ∈ H. H is considered as the space of random variables. A sublinear expectationÊ on H is a functionalÊ : H → R satisfying the following properties: for all X, Y ∈ H, we have (Ω, H,Ê) is called a sublinear expectation space.
Definition 4.2 Let X 1 and X 2 be two n-dimensional random vectors defined respectively in sublinear expectation spaces (Ω 1 , H 1 ,Ê 1 ) and (Ω 2 , H 2 ,Ê 2 ). They are called identically distributed, denoted by
is the space of real continuous functions defined on R n such that
where k and C depend only on ϕ.
Definition 4.3 In a sublinear expectation space (Ω, H,Ê), a random vector
, is said to be independent of another random vec-
whereX is an independent copy of X, i.e.,X d = X andX⊥X. Here the letter G denotes the function
where S d denotes the collection of d × d symmetric matrices.
Peng [22] showed that X = (
, is the solution of the following G-heat equation: 
The function G(·)
Let G : S d → R be a given monotonic and sublinear function. G-expectation is a sublinear expectation defined bŷ
Without loss of generality we can assume that ξ has the representation ξ = ϕ(B t1 − B t0 , B t2 − B t1 , · · ·, B tm − B tm−1 ) with t = t i , for some 1 ≤ i ≤ m, and we putÊ 
For each fixed a,ā ∈ R d , the mutual variation process of B a and Bā is defined by 
Theorem 4.7 ([4, 9]) There exists a weakly compact set P ⊂ M 1 (Ω T ), the set of probability measures on (Ω T , B(Ω T )), such that
P is called a set that representsÊ.
Let P be a weakly compact set that representsÊ. For this P, we define capacity c(A) := sup P ∈P P (A), A ∈ B(Ω T ).
A set A ⊂ Ω T is polar if c(A) = 0. A property holds "quasi-surely" (q.s. for short) if it holds outside a polar set. In the following, we do not distinguish two random variables X and Y if X = Y q.s.. 
Comparison theorem of SDEs
Let τ ∈ [0, T ] and η ∈ L
Girsanov transformation
We consider the following G-BSDE: Proof. (1) and (2) can be found in [8] . We only prove (3). For each fixed t > 0, it is easy to check that i=0 |B i+1 n t −B i n t | 2 − B t | β ] → 0 as n → ∞. Thus B t = B t underẼ.
